Local Probes for Charge-Neutral Edge States in Two-Dimensional Quantum
  Magnets by Feldmeier, Johannes et al.
Local Probes for Charge-Neutral Edge States in Two-Dimensional Quantum Magnets
Johannes Feldmeier,1, 2 Willian Natori,3 Michael Knap,1, 2 and Johannes Knolle1, 2, 3
1Department of Physics and Institute for Advanced Study,
Technical University of Munich, 85748 Garching, Germany
2Munich Center for Quantum Science and Technology (MCQST), Schellingstr. 4, D-80799 Mu¨nchen, Germany
3Blackett Laboratory, Imperial College London, London SW7 2AZ, United Kingdom
(Dated: July 17, 2020)
The bulk-boundary correspondence is a defining feature of topological states of matter. However,
for quantum magnets such as spin liquids or topological magnon insulators a direct observation
of topological surface states has proven challenging because of the charge-neutral character of the
excitations. Here we propose spin-polarized scanning tunneling microscopy as a spin-sensitive local
probe to provide direct information about charge neutral topological edge states. We show how
their signatures, imprinted in the local structure factor, can be extracted by specifically employing
the strengths of existing technologies. As our main example, we determine the dynamical spin
correlations of the Kitaev honeycomb model with open boundaries. We show that by contrasting
conductance measurements of bulk and edge locations, one can extract direct signatures of the
existence of fractionalized excitations and non-trivial topology. The broad applicability of this
approach is corroborated by a second example of a kagome topological magnon insulator.
Introduction.– The search for topological properties
of insulating quantum magnets is an exciting, yet chal-
lenging task [1, 2]. While related electronic systems
saw a swift verification of the bulk-boundary correspon-
dence [3–6] because surface sensitive probes like angle
resolved photoemission spectroscopy (ARPES) and scan-
ning tunneling microscopy (STM) were readily available,
similar smoking gun signatures remain elusive for mag-
netic systems due to the charge-neutral character of spin
excitations. One route to address this obstacle leads to
spin-sensitive local probes, which have recently been pro-
posed as novel tools for identifying fascinating phases of
matter such as quantum spin liquids (QSLs) [7–11].
Moreover, recent technological advances in the fabri-
cation of van-der-Waals heterostructures draw particu-
lar attention to magnetic quantum systems in two di-
mensions [12, 13]. In this context, transport measure-
ments of graphene on top of atomically thin insulat-
ing magnets have been employed to measure thermo-
dynamic properties of the magnetic layer [14]. Here
we propose similar heterostructures for tunneling-based
surface-spectroscopy in order to probe magnetic excita-
tions [15]. A contender to overcome the abovementioned
challenges could thus be provided by spin-polarized scan-
ning tunneling microscopy (SP-STM), which is sensitive
to local spin excitations through inelastic tunneling pro-
cesses [16–19]. This technique has been employed to char-
acterize arrangements of interacting magnetic atoms, in-
cluding the resolution of spin wave spectra [20, 21], and
might provide access to localized boundary modes [22].
The most direct application of our proposal may thus be
the resolution of edge modes in topological magnon in-
sulators (TMIs), indirect signatures of which have been
observed in 2D magnets [23–28].
Particular strengths of SP-STM include atomic reso-
lution as well as the ability to investigate anisotropies
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FIG. 1. Spin-polarized scanning tunneling microscopy
(SP-STM). We propose tunneling from a metallic and mag-
netic substrate to an STM tip via inelastic spin flips of an in-
sulating magnetic layer (S) in between. A tunneling electron
can excite a mode with energy ω in S provided the applied
bias voltage exceeds this energy. The resulting conductance is
proportional to the spin-dependent densities of states in tip,
substrate, and the sample S, c.f. Eq. (1). Tuning the spin po-
larization in tip and substrate allows for selectively probing
different types of spin excitations in the sample.
via selective polarization of tip and substrate, mak-
ing it in principle well-suited for the study of highly
anisotropic Kitaev spin liquids [29]. Conveniently, one
of the prime material candidates [30–33], the α-RuCl3
compound, can be exfoliated down to monolayer thick-
ness [34] and first graphene heterostructures have been
reported [35, 36]. Although this material displays an
ordered zig-zag ground state [37, 38], there exists con-
sistent evidence for the onset of a disordered state un-
der the presence of a moderate magnetic field [39–42].
Most strikingly, thermal Hall measurements on bulk sam-
ples show a fractional quantization of the thermal con-
ductivity [43] indicating the presence of chiral Majorana
fermion edge states, a result whose origin is currently
under debate [44, 45].
In this work, after a brief summary of SP-STM, we first
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FIG. 2. Topological Magnon Insulator. a) The STM tip is placed at the edge (pos A) or over the 2D bulk (pos B) of the
Kagome layer, with color gradients indicating the range of the response. For numerical evaluations, a unit cell of Ly = 181 sites
along the y-direction is used. Inset: lattice vectors (green) and directions of the DM interaction (orange). b) Energy spectrum
for the magnon Hamiltonian with J = 1.0 and DM-term D = 0.2, containing edge states within the gaps of the three bulk
bands. c) Conductance ∂I/∂V using Eq. (1). While the response at tip position B exhibits a flat conductance throughout all
band gaps, at the edge (pos A) a finite response within the first gap is acquired, yielding a clear signature for the existence of
topological edge magnons.
show that it allows for observing topological magnon edge
states of TMIs. As our main result, we then determine
qualitative features for potential SP-STM measurements
of 2D magnets described by an extended Kitaev honey-
comb model. By evaluation of the dynamical spin struc-
ture factor on open boundary conditions (OBCs) we find
clear signatures associated with the existence of fraction-
alized gapless edge modes and emergent Z2 gauge fluxes.
Spin-Polarized STM.– We review some essential
aspects of spin-polarized STM, largely based on the
works of Refs. [18, 19, 46]. The setup is as fol-
lows: A metallic tip of the STM device (t) is lo-
cated at a position r = (x, y) and at a vertical dis-
tance d above a metallic substrate (s). In between,
a layer of an insulating spin system (S) is placed on
top of the substrate, see Fig. 1. The Hamiltonian takes
the form Hˆ = Hˆt + Hˆs + HˆS + HˆT , where Hˆt =∑
p,σ εp,σaˆ
†
p,σaˆp,σ and Hˆs =
∑
k,σ εk,σ bˆ
†
k,σ bˆk,σ describe
the non-interacting electrons in tip and substrate, whose
details are not crucial. HˆS({Sˆi}) describes the inter-
acting system of spins Sˆi at positions ri. Finally, HˆT
models the tunneling of electrons between tip and sub-
strate in the presence of an applied bias voltage V via
HˆT =
∑
p,k,σ,σ′
[
Tˆσσ
′
r aˆ
†
p,σ bˆk,σ′e
ikr+ieV t + h.c.
]
, where
Tˆσσ
′
r depends on the spin system via an exchange cou-
pling, Tˆσσ
′
r = t0 δσσ′ +
∑
i t1(r − ri)σσσ′ · Sˆi. Here,
t0 is the bare tunneling rate, while the spin-dependent
second term assumes the exponential form t1(r − ri) =
Γ1e
−d/d0e−|r−ri|/λ with constants d0, λ.
Within this setup, we focus on the tunneling con-
ductance ∂I/∂V due to the spin-dependent contribu-
tion. Defining the dynamical structure factor Sααij (t) =
〈Sˆαi (t)Sˆαj (0)〉S =
∫
dω e−iωtSααij (ω), Fermi’s golden rule
yields at zero-temperature, see Supp. Mat. [47],
∂I
∂V
=
2e2
~
∑
i,j,α
t1(r − ri)t1(r − rj) cαβ
∫ eV
0
dω Sαβij (ω),
(1)
which contains a spin-weight function cαβ =∑
σ,σ′ nσ(εF )Nσ′(εF )σ
α
σ′σσ
β
σσ′ . Here, the σ
α are
Pauli matrices and nσ(εF )/Nσ(εF ) are the spin-
dependent densities of states at the Fermi level for
both tip/substrate. The intuition behind expression
Eq. (1) is summarized in Fig. 1. Crucially, the prefactors
cαβ depend on the relative spin-polarization of tip and
substrate. This allows for a controlled selection of
spin excitations that are to be probed [18, 19]. We
highlight three important settings considered in this
work: (1) Non-polarized tip and substrate (n+ = n− and
N+ = N−): cαβ ∼ δαβ and independent of α. (2) Fully
parallel-polarized tip and substrate (n− = N− = 0):
cαβ ∼ δα,zδβ,z, where z was chosen as the common
polarization axis. (3) Fully anti-polarized tip and
substrate (n− = N+ = 0): cαβ ∼ (1− δα,z)(1− δβ,z).
Topological Magnon Insulators.– As a first exam-
ple, we apply Eq. (1) to topological magnon edge states
appearing in TMI-layers. For concreteness, we consider
the well known example of a 2D Kagome ferromagnet
featuring non-zero Dzyaloshinskii-Moriya (DM) interac-
tions [48–50]:
Hˆ =
∑
〈nm〉
−J Sn ·Sm+Dnm ·(Sn×Sm)−h ·
∑
n
Sn, (2)
where Dnm is the DM interaction on the bond nm, and
h is an external magnetic field along zˆ||[111]. Follow-
ing Ref. [49], Eq. (2) can be brought into quadratic spin
wave form by applying a standard Holstein-Primakoff
3approximation, leading to Hˆ =
∑
〈nm〉 b
†
nHnmbm +∑
nHnnb
†
nbn + E0. Here, Hnm = −S(J + iD) along all
bonds oriented counter-clockwise within each elementary
triangle and Hmn = −S(J − iD) accordingly. The diag-
onal part is given by Hnn = hS + JSMn, with Mn the
number of nearest neighbors of site n, see Fig. 2 (a).
On a strip-geometry, Hˆ can be block-diagonalized
with respect to the kx-momentum quantum num-
ber such that Hˆ =
∑
kx
∑
l,l′ b
†
l (kx)H˜ll′(kx)bl′(kx) =∑
kx
∑
l εl(kx) b˜
†
l (kx)b˜l(kx), where l labels the sites
along the y-direction and the eigenmodes b˜l(kx) =∑
l′ Ul,l′(kx)bl′(kx) are obtained numerically. The spec-
trum εl(kx) is shown in Fig. 2 (b) and displays edge modes
within the bulk gaps between bands with non-zero Chern
numbers [48]. The structure factor entering the differen-
tial conductance Eq. (1) can be determined simply from
its Lehmann representation at finite temperatures. Fo-
cusing on the T = 0 limit, we obtain Szzlmln(kx, ω) ∼ δ(ω)
and Syylmln(kx, ω) = Sxxlmln(kx, ω) with
Sxxlmln(kx, ω) =
∑
s
Ulm,s(kx)U
∗
ln,s(kx) δ(ω− εs(kx)). (3)
Eq. (3) makes the coupling of the structure factor to the
local density of the eigenmodes manifest. Accordingly,
∂I/∂V , evaluated for an unpolarized tip on the bound-
ary of a system containing 181 sites along the y-direction,
shows a finite response within the first band gap, see
Fig. 2 (c). We chose λ = 1.0 (units lattice spacing),
which sets the length scale of the tunneling matrix el-
ement, and notice that sizable contributions to ∂I/∂V
arise only from momenta kx . 1/λ [47], yielding a finite
gap-response from topological magnon edge modes only
within the first band gap.
Kitaev Spin Liquid.– We proceed to characterize our
main example, the extended Kitaev honeycomb model,
Hˆ =
∑
〈ij〉α
Jα σˆ
α
i σˆ
α
j +K
∑
〈ij〉α,〈jk〉γ
σˆαi σˆ
β
j σˆ
γ
k , (4)
where 〈i, j〉α denotes nearest neighbors, with α ∈
{x, y, z} labelling the three inequivalent bond types, see
Fig. 3 (a) for a schematic picture of the setup. Follow-
ing Ref. [29], the model can be solved by representing
the spin operators σˆαi = ibˆ
α
i cˆi in terms of four different
Majorana species, resulting in
Hˆ = i
∑
〈ij〉α
Jα uˆ〈ij〉α cˆicˆj + iK
∑
〈ij〉α,〈jk〉γ
uˆ〈ij〉α uˆ〈jk〉γ cˆicˆk,
(5)
where uˆ〈ij〉α = ibˆ
α
i bˆ
α
j are constants of motion with eigen-
values u〈ij〉α = ±1. There exists a local Z2 gauge
structure with associated plaquette Wilson loops Wˆp =∏
〈ij〉∈p uˆ〈ij〉α labelling the gauge sector of the theory.
Within a fixed sector of u〈ij〉α’s, Eq. (5) reduces to a Ma-
jorana hopping problem.
A convenient description of the model Eq. (5) is ob-
tained by pairing the Majoranas into complex matter
fermions fˆr =
1
2 (cˆAr + i cˆBr) in each unit cell, and gauge
fermions χˆ〈ij〉α =
1
2 (bˆ
α
i +i bˆ
α
j ) on the bonds, i ∈ A, j ∈ B.
The uˆ〈ij〉α = 2χˆ
†
〈ij〉α χˆ〈ij〉α − 1 can then be expressed in
terms of the gauge fermions, and the ground state is writ-
ten as |0〉 = |M0〉 ⊗ |F0〉, with |M0〉 the ground state of
the matter fermion problem defined by Eq. (5) within the
flux-free gauge sector |F0〉, for which Wp = +1 for all pla-
quettes.
To obtain OBCs, we choose a line of ‘weak bonds’
around the torus (z-bonds w.l.o.g.) whose strength Jb →
0 vanishes. This results in a degeneracy throughout the
many-body spectrum, as the insertion of flux pairs via
u〈ij〉b → −1 adjacent to bonds 〈ij〉b across the boundary
comes without energy cost. A general ground state for
OBCs can then be written as
|0〉 = |M0〉 ⊗ |F 〉 = |M0〉 ⊗ |F0〉bulk ⊗ |F 〉b , (6)
where |F0〉bulk is the flux-free sector of all bulk plaque-
ttes and |F 〉b is a general superposition of 2L−1 different
boundary flux sectors for a boundary of length L, see
Supp. Mat. for more details [47].
In order to determine the conductance through Eq. (1),
we have to compute the dynamical structure factor
Sαβij (t) = 〈0|σˆαi (t)σˆβj (0)|0〉 from a given ground state of
Eq. (6). Following Refs. [51–53], the problem can be re-
duced to a Majorana quantum quench in the matter sec-
tor,
Sαβij (t) = 〈M0|eitHˆ cˆie−it(Hˆ+Vˆ〈il〉α )cˆj |M0〉×
× 〈F | (χˆ〈il〉α + χˆ
†
〈il〉α)(χˆ〈jk〉β + χˆ
†
〈jk〉β ) |F 〉 .
(7)
Here, we chose both i, j on sublattice A, and Vˆ〈il〉α is
the modification of the Majorana model due to flux in-
sertion u〈il〉α → −u〈il〉α . For bonds 〈jk〉β adjacent to
bulk plaquettes, the gauge sector of Eq. (7) reduces to
Sαβij ∼ δαβ δij , i.e. the structure factor is ultra-local in
the bulk due to the static nature of the gauge field [54].
In contrast, bonds 〈jk〉β = 〈jk〉b across the boundary
can acquire longer-range contributions Sαβij  δij due to
the superposition |F 〉b of boundary fluxes. Nevertheless,
while Eq. (7) thus generally depends on the choice of |F 〉b,
the on-site contributions Sααii (t) are independent of the
chosen state |0〉, see Supp. Mat. [47]. Since these contri-
butions dominate the STM response according to Eq. (1),
any choice of |0〉 will lead to a qualitatively representative
conductance ∂I/∂V . We choose |F 〉b = |F0〉b as flux-free
in the following and numerically evaluate Eq. (7) using a
Pfaffian approach [52]. In practice, we introduce a small
but finite bond-strength Jb  1 across the boundary,
which provides additional physical insight on the emer-
gence of a Majorana zero mode for Jb = 0.
Our main results are summarized in Fig. 3: In panel
(b) we show the integrated density of states (DOS) for
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FIG. 3. Kitaev Spin Liquid. a) Geometry of the STM setup and sketch of the Kitaev model Eq. (4). OBCs are introduced
by setting the strength of the dashed bonds to Jb → 0. Probing the local spin noise in the bulk requires the creation of a gapped
flux-pair (blue). Moving to the boundary, these fluxes are gapless (orange), allowing for the detection of gapless Majorana edge
modes. b) Integrated DOS for the fermionic spectrum in the presence of a boundary flux-pair for PBCs (Jb = 1, gray) and
OBCs (Jb = 0, blue). c) The wave function ψ(x, y) of the fermionic bound state on 40× 40 unit cells delocalizes upon reducing
the coupling Jb across the boundary. d) Components of the dynamical structure factor for 56×56 unit cells. A finite frequency
broadening was introduced for the sharp delta-response from the bound state. e) Conductance for the tip at positions A and
B, and different polarizations of tip and substrate. In the bulk, the fermion bound state creates a sharp step within the gap.
On the boundary, the step is replaced by a continuum due to the dispersive edge modes, starting from zero bias, see Inset.
the matter fermions for J = 1, K = 0.2 in a back-
ground containing a flux pair adjacent to a weak bond
〈ij〉b across the boundary. For Jb = 1 we recover the
result for periodic boundaries (PBCs) with an exponen-
tially localized fermion bound state at the flux pair, with
an energy E = ∆F + E
F
1 = 1.156J (grey dashed), lo-
cated in the gap below the onset of a continuum band
at E = ∆F + E
F
2 = 2.819J . Here, ∆F = 0.819 is the
two-flux gap in the bulk and EF1/2 the first/second eigen-
state of the matter model. As we decrease Jb, Fig. 3c
shows how the bound state delocalizes along the bound-
ary, eventually turning into a zero mode. This is reflected
in the DOS by an emerging continuum of in-gap states
(blue line and circles in panel b), corresponding to a dis-
persive chiral Majorana edge mode, as well as a vanishing
flux gap.
Crucially, these spectral properties of Majorana-flux
bound states and the chiral Majorana edge modes are
directly reflected in the local structure factor, displayed
in Fig. 3 (d) and evaluated for Jb = 0.01J : SααiBiB (ω)
at site iB in the bulk (see Fig. 3 (a)) reflects the spec-
trum of PBCs via a sole, sharp contribution at the
bound state energy and a broad continuum at higher fre-
quencies. Note, similar signatures for the Majorana-flux
bound state have been very recently predicted for pla-
nar tunneling spectroscopy [55]. In contrast, the com-
ponent SzziAiA(ω) (blue) at a boundary site iA contains
no sharp contribution and instead exhibits a spectral
response throughout the former excitation gap. This
demonstrates that the structure factor couples directly
to the gapless Majorana edge mode. The component
SxxiAiA(ω) involves the creation of a single bulk flux and
has a sharp onset at a reduced flux gap ∆F = 0.499J ,
above which dispersive edge modes give a finite in-gap
response.
The conductance derived from these results, see
Fig. 3 (e), is evaluated via Eq. (1) for a small λ = 0.1
(units lattice constant), essentially focusing on the on-
site response. For tip position B, the polarizations en-
tering cαβ do not have qualitative effects due to sym-
metry of the bulk structure factor. The resulting con-
ductance features a sharp step at the bound state en-
ergy. At the boundary (position A), the conductance
varies drastically with changing cαβ : An anti-polarized
tip captures the features of SxxiAiA(ω) = SyyiAiA(ω) through
a sharp step for a bias voltage matching the reduced flux
gap, followed by smaller steps due to edge states. These
smaller steps merge into a continuum in the thermody-
namic limit. Note, contrasting the response of the bulk
and edge modes even enables the measurement of single
flux and nearest-neighbor flux-pair energies. The latter
has a value less than twice the single flux energy be-
cause of Majorana induced interactions. Finally, for a
parallel-polarized setting, where cαβ exclusively picks up
the SzziAiA(ω)-component, the flux excitation has no effect,
resulting in an approximately linear increase of ∂I/∂V
throughout the bulk-gap, in particular also at zero bias,
providing a clear signature of the chiral Majorana edge
modes.
Conclusions & Outlook.– In this work, we proposed
tunable SP-STM measurements for probing site-local and
spin-anisotropic characteristics of 2D quantum magnets.
In particular, we obtained characteristic tunneling signa-
tures of topological magnon edge modes for TMIs. As our
main result, we established that fractionalized vison and
Majorana fermion excitations of the Kitaev QSLs can be
5measured via SP-STM by contrasting bulk and boundary
measurements. Our analysis further demonstrates the di-
rect coupling of the spin structure factor to the Majorana
correlation function on the system boundary, leading to
contributions beyond nearest neighbor separation due to
a modified flux selection rule.
In the future, it would be desirable to investigate
whether such longer range correlations can be probed
by spin noise spectroscopy measurements, possibly pro-
viding an even more direct probe of the chiral nature
of the Majorana edge modes. Furthermore, the gapless
nature of the edge response in the Kitaev model could
open a route for a larger variety of spin-sensitive spec-
troscopy tools. In particular, nitrogen-vacancy magne-
tometry, typically operating on energy scales of up to
∼ 100GHz [56], well below the typical values of exchange
parameters of candidate materials in the THz-regime,
might be used to further characterize 1D edge physics
in several bulk Kitaev materials, i.e. α-RuCl3 [30–33].
In conclusion, we have established the potential of local
SP-STM probes for confirming and qualitatively charac-
terizing TMI and QSL physics. The observation of un-
ambigous signatures of topological magnon edge modes
for the former, and magnetic Majorana fermions as well
as gauge flux excitations for the latter, would provide a
crucial step towards the long time goal of their controlled
manipulation.
Acknowledgements.– We thank C. Kuhlenkamp and
A. Schuckert for insightful discussions. J.K. would like to
thank A. Banerjee, M. Burghard, J.C.S. Davis, R. Moess-
ner, T. Oka, M. Udagawa, P. Wahl and especially Y. Mat-
suda for engaging discussions. We acknowledge support
from the Imperial-TUM flagship partnership, the Royal
Society via a Newton International Fellowship through
project NIF-R1-181696, the Technical University of Mu-
nich - Institute for Advanced Study, funded by the Ger-
man Excellence Initiative, the European Union FP7 un-
der grant agreement 291763, the Deutsche Forschungsge-
meinschaft (DFG, German Research Foundation) under
Germany’s Excellence Strategy–EXC-2111–390814868,
the European Research Council (ERC) under the Euro-
pean Union’s Horizon 2020 research and innovation pro-
gramme (grant agreement No. 851161), from DFG grant
No. KN1254/1-1, No. KN1254/1-2, and DFG TRR80
(Project F8).
[1] C. Broholm, R. J. Cava, S. A. Kivelson, D. G. Nocera,
M. R. Norman, and T. Senthil, “Quantum spin liquids,”
Science 367 (2020), 10.1126/science.aay0668.
[2] J. Knolle and R. Moessner, “A Field Guide to Spin Liq-
uids,” Annual Review of Condensed Matter Physics 10,
451–472 (2019).
[3] Hsieh, D. and Qian, D. and Wray, L. and Xia, Y. and Hor,
Y. S. and Cava, R. J. and Hasan, M. Z., “A topological
Dirac insulator in a quantum spin Hall phase,” Nature
452, 970–974 (2008).
[4] V. Mourik, K. Zuo, S. M. Frolov, S. R. Plissard,
E. P. A. M. Bakkers, and L. P. Kouwenhoven, “Signa-
tures of Majorana Fermions in Hybrid Superconductor-
Semiconductor Nanowire Devices,” Science 336, 1003–
1007 (2012).
[5] Xiao-Liang Qi and Shou-Cheng Zhang, “Topological in-
sulators and superconductors,” Rev. Mod. Phys. 83,
1057–1110 (2011).
[6] M. Z. Hasan and C. L. Kane, “Colloquium: Topological
insulators,” Rev. Mod. Phys. 82, 3045–3067 (2010).
[7] Shubhayu Chatterjee and Subir Sachdev, “Probing exci-
tations in insulators via injection of spin currents,” Phys.
Rev. B 92, 165113 (2015).
[8] J. F. Rodriguez-Nieva, K. Agarwal, T. Giamarchi, B. I.
Halperin, M. D. Lukin, and E. Demler, “Probing one-
dimensional systems via noise magnetometry with single
spin qubits,” Phys. Rev. B 98, 195433 (2018).
[9] S. Chatterjee, J. F. Rodriguez-Nieva, and E. Demler,
“Diagnosing phases of magnetic insulators via noise mag-
netometry with spin qubits,” Phys. Rev. B 99, 104425
(2019).
[10] L. Balents, “Spin liquids in frustrated magnets,” Nature
464, 199–208 (2010).
[11] J. Aftergood and S. Takei, “Probing quantum spin liquids
in equilibrium using the inverse spin Hall effect,” (2019),
arXiv:1910.08610.
[12] K. S. Burch, D. Mandrus, and J.-G. Park, “Magnetism in
two-dimensional van der Waals materials,” Nature 563,
47–52 (2018).
[13] M. Gibertini, M. Koperski, A. F. Morpurgo, and K. S.
Novoselov, “Magnetic 2D materials and heterostruc-
tures,” Nature Nanotechnology 14, 408–419 (2019).
[14] M. Kim, P. Kumaravadivel, J. Birkbeck, W. Kuang, S. G.
Xu, D. G. Hopkinson, J. Knolle, P. A. McClarty, A. I.
Berdyugin, M. Ben Shalom, and et al., “Micromagne-
tometry of two-dimensional ferromagnets,” Nature Elec-
tronics 2, 457–463 (2019).
[15] D. R. Klein, D. MacNeill, J. L. Lado, D. Soriano,
E. Navarro-Moratalla, K. Watanabe, T. Taniguchi,
S. Manni, P. Canfield, J. Ferna´ndez-Rossier, and
P. Jarillo-Herrero, “Probing magnetism in 2D van der
Waals crystalline insulators via electron tunneling,” Sci-
ence 360, 1218–1222 (2018).
[16] O. Pietzsch, A. Kubetzka, M. Bode, and R. Wiesendan-
ger, “Observation of Magnetic Hysteresis at the Nanome-
ter Scale by Spin-Polarized Scanning Tunneling Spec-
troscopy,” Science 292, 2053–2056 (2001).
[17] M. Bode, M. Heide, K. von Bergmann, P. Ferriani,
S. Heinze, G. Bihlmayer, A. Kubetzka, O. Pietzsch,
S. Blu¨gel, and R. Wiesendanger, “Chiral magnetic order
at surfaces driven by inversion asymmetry,” Nature 447,
190–193 (2007).
[18] J. Ferna´ndez-Rossier, “Theory of Single-Spin Inelastic
Tunneling Spectroscopy,” Phys. Rev. Lett. 102, 256802
(2009).
[19] J. Fransson, O. Eriksson, and A. V. Balatsky, “Theory
of spin-polarized scanning tunneling microscopy applied
to local spins,” Phys. Rev. B 81, 115454 (2010).
[20] Balashov, T. and Taka´cs, A. F. and Wulfhekel, W. and
Kirschner, J., “Magnon Excitation with Spin-Polarized
Scanning Tunneling Microscopy,” Phys. Rev. Lett. 97,
187201 (2006).
6[21] A. Spinelli, B. Bryant, F. Delgado, J. Ferna´ndez-Rossier,
and A. F. Otte, “Imaging of spin waves in atomically
designed nanomagnets,” Nature Materials 13, 782–785
(2014).
[22] F. Delgado, C. D. Batista, and J. Ferna´ndez-Rossier,
“Local Probe of Fractional Edge States of S = 1 Heisen-
berg Spin Chains,” Phys. Rev. Lett. 111, 167201 (2013).
[23] Y. Onose, T. Ideue, H. Katsura, Y. Shiomi, N. Nagaosa,
and Y. Tokura, “Observation of the Magnon Hall Effect,”
Science 329, 297–299 (2010).
[24] M. Hirschberger, R. Chisnell, Y. S. Lee, and N. P. Ong,
“Thermal Hall Effect of Spin Excitations in a Kagome
Magnet,” Phys. Rev. Lett. 115, 106603 (2015).
[25] R. Chisnell, J. S. Helton, D. E. Freedman, D. K. Singh,
R. I. Bewley, D. G. Nocera, and Y. S. Lee, “Topological
Magnon Bands in a Kagome Lattice Ferromagnet,” Phys.
Rev. Lett. 115, 147201 (2015).
[26] A. Rolda´n-Molina, A. S. Nunez, and J. Ferna´ndez-
Rossier, “Topological spin waves in the atomic-scale mag-
netic skyrmion crystal,” New Journal of Physics 18,
045015 (2016).
[27] B. Huang, G. Clark, E. Navarro-Moratalla, D. R. Klein,
R. Cheng, K. L. Seyler, D. Zhong, E. Schmidgall, M. A.
McGuire, D. H. Cobden, and et al., “Layer-dependent
ferromagnetism in a van der Waals crystal down to the
monolayer limit,” Nature 546, 270–273 (2017).
[28] E. Aguilera, R. Jaeschke-Ubiergo, N. Vidal-Silva, L.E.F
Foa Torres, and A.S. Nunez, “Topological magnonics
in the two-dimensional van der Waals magnet CrI3,”
(2020), arXiv:2002.05266.
[29] A. Kitaev, “Anyons in an exactly solved model and be-
yond,” Annals of Physics 321, 2 – 111 (2006), january
Special Issue.
[30] G. Jackeli and G. Khaliullin, “Mott Insulators in the
Strong Spin-Orbit Coupling Limit: From Heisenberg to
a Quantum Compass and Kitaev Models,” Phys. Rev.
Lett. 102, 017205 (2009).
[31] S. M. Winter, A. A. Tsirlin, M. Daghofer, J. van den
Brink, Y. Singh, P. Gegenwart, and R. Valent´ı, “Models
and materials for generalized Kitaev magnetism,” Jour-
nal of Physics: Condensed Matter 29, 493002 (2017).
[32] M. Hermanns, I. Kimchi, and J. Knolle, “Physics of
the Kitaev Model: Fractionalization, Dynamic Corre-
lations, and Material Connections,” Annual Review of
Condensed Matter Physics 9, 17–33 (2018).
[33] H. Takagi, T. Takayama, G. Jackeli, G. Khaliullin, and
S. E. Nagler, “Concept and realization of Kitaev quantum
spin liquids,” Nature Reviews Physics 1, 264–280 (2019).
[34] B. Zhou, Y. Wang, G. B. Osterhoudt, P. Lampen-Kelley,
D. Mandrus, R. He, K. S. Burch, and E. A. Henrik-
sen, “Possible structural transformation and enhanced
magnetic fluctuations in exfoliated α-RuCl3,” Journal of
Physics and Chemistry of Solids 128, 291 – 295 (2019),
spin-Orbit Coupled Materials.
[35] B. Zhou, J. Balgley, P. Lampen-Kelley, J.-Q. Yan,
D. G. Mandrus, and E. A. Henriksen, “Evidence for
charge transfer and proximate magnetism in graphene–
α−RuCl3 heterostructures,” Phys. Rev. B 100, 165426
(2019).
[36] S. Mashhadi, Y. Kim, J. Kim, D. Weber, T. Taniguchi,
K. Watanabe, N. Park, B. Lotsch, J. H. Smet,
M. Burghard, and et al., “Spin-Split Band Hybridization
in Graphene Proximitized with α-RuCl3 Nanosheets,”
Nano Letters 19, 4659–4665 (2019).
[37] J. A. Sears, M. Songvilay, K. W. Plumb, J. P. Clancy,
Y. Qiu, Y. Zhao, D. Parshall, and Young-June Kim,
“Magnetic order in α − RuCl3: A honeycomb-lattice
quantum magnet with strong spin-orbit coupling,” Phys.
Rev. B 91, 144420 (2015).
[38] R. D. Johnson, S. C. Williams, A. A. Haghighirad, J. Sin-
gleton, V. Zapf, P. Manuel, I. I. Mazin, Y. Li, H. O.
Jeschke, R. Valent´ı, and R. Coldea, “Monoclinic crystal
structure of α−RuCl3 and the zigzag antiferromagnetic
ground state,” Phys. Rev. B 92, 235119 (2015).
[39] A. Banerjee, C. A. Bridges, J.-Q. Yan, A. A. Aczel, L. Li,
M. B. Stone, G. E. Granroth, M. D. Lumsden, Y. Yiu,
J. Knolle, and et al., “Proximate Kitaev quantum spin
liquid behaviour in a honeycomb magnet,” Nature Ma-
terials 15, 733–740 (2016).
[40] A. Banerjee, J. Yan, J. Knolle, C. A. Bridges, M. B.
Stone, M. D. Lumsden, D. G. Mandrus, D. A. Tennant,
R. Moessner, and S. E. Nagler, “Neutron scattering in
the proximate quantum spin liquid α-RuCl3,” Science
356, 1055–1059 (2017).
[41] A. Banerjee, P. Lampen-Kelley, J. Knolle, C. Balz, A. A.
Aczel, B. Winn, Y. Liu, D. Pajerowski, J. Yan, C. A.
Bridges, and et al., “Excitations in the field-induced
quantum spin liquid state of α − RuCl3,” npj Quantum
Materials 3 (2018), 10.1038/s41535-018-0079-2.
[42] S. M. Winter, K. Riedl, D. Kaib, R. Coldea, and R. Va-
lent´ı, “Probing α − RuCl3 Beyond Magnetic Order: Ef-
fects of Temperature and Magnetic Field,” Phys. Rev.
Lett. 120, 077203 (2018).
[43] Y. Kasahara, T. Ohnishi, Y. Mizukami, O. Tanaka, Six-
iao Ma, K. Sugii, N. Kurita, H. Tanaka, J. Nasu, Y. Mo-
tome, and et al., “Majorana quantization and half-
integer thermal quantum Hall effect in a Kitaev spin liq-
uid,” Nature 559, 227–231 (2018).
[44] Y. Vinkler-Aviv and A. Rosch, “Approximately Quan-
tized Thermal Hall Effect of Chiral Liquids Coupled to
Phonons,” Phys. Rev. X 8, 031032 (2018).
[45] Ye, M. and Hala´sz, G. B. and Savary, L. and Balents, L.,
“Quantization of the Thermal Hall Conductivity at Small
Hall Angles,” Phys. Rev. Lett. 121, 147201 (2018).
[46] M. Bode, “Spin-polarized scanning tunnelling mi-
croscopy,” Reports on Progress in Physics 66, 523–582
(2003).
[47] see supplementary material.
[48] Katsura, H. and Nagaosa, N. and Lee, P. A., “Theory
of the Thermal Hall Effect in Quantum Magnets,” Phys.
Rev. Lett. 104, 066403 (2010).
[49] L. Zhang, J. Ren, J.-S. Wang, and B. Li, “Topological
magnon insulator in insulating ferromagnet,” Phys. Rev.
B 87, 144101 (2013).
[50] D. Malz, J. Knolle, and A. Nunnenkamp, “Topologi-
cal magnon amplification,” Nature Communications 10
(2019), 10.1038/s41467-019-11914-2.
[51] J. Knolle, D. L. Kovrizhin, J. T. Chalker, and R. Moess-
ner, “Dynamics of a Two-Dimensional Quantum Spin
Liquid: Signatures of Emergent Majorana Fermions and
Fluxes,” Phys. Rev. Lett. 112, 207203 (2014).
[52] Knolle, J. and Kovrizhin, D. L. and Chalker, J. T. and
Moessner, R., “Dynamics of fractionalization in quantum
spin liquids,” Phys. Rev. B 92, 115127 (2015).
[53] Knolle, J., Dynamics of a Quantum Spin Liquid
(Springer, 2016).
[54] G. Baskaran, Saptarshi Mandal, and R. Shankar, “Ex-
act results for spin dynamics and fractionalization in the
7kitaev model,” Phys. Rev. Lett. 98, 247201 (2007).
[55] M. Carrega, I. J. Vera-Marun, and A. Principi, “Tun-
neling spectroscopy as a probe of fractionalization in 2D
magnetic heterostructures,” (2020), arXiv:2004.13036.
[56] F. Casola, T. van der Sar, and A. Yacoby, “Probing
condensed matter physics with magnetometry based on
nitrogen-vacancy centres in diamond,” Nature Reviews
Materials 3 (2018), 10.1038/natrevmats.2017.88.
[57] F. L. Pedrocchi, S. Chesi, and D. Loss, “Physical solu-
tions of the Kitaev honeycomb model,” Phys. Rev. B 84,
165414 (2011).
[58] F. Zschocke and M. Vojta, “Physical states and finite-
size effects in Kitaev’s honeycomb model: Bond disorder,
spin excitations, and NMR line shape,” Phys. Rev. B 92,
014403 (2015).
8Supplementary Material
Local Probes for Charge-Neutral Edge States in Two Dimensional Quantum Magnets
Johannes Feldmeier1,2, Willian Natori3, Michael Knap1,2, Johannes Knolle1,2,3
1Department of Physics and Institute for Advanced Study, Technical University of Munich, 85748 Garching, Germany
2Munich Center for Quantum Science and Technology (MCQST), Schellingstr. 4, D-80799 Mu¨nchen, Germany
3Blackett Laboratory, Imperial College London, London SW7 2AZ, United Kingdom
1. Derivation of STM conductance
Here, we provide some details on the derivation of Eq. (1). The following is essentially a mix of the derivations
presented in Refs. [18, 19]. Let us describe the tripartite system laid out in the main text in terms of the eigenstates
|Ψ〉 := |n〉S |φ〉t |ψ〉s of its three unperturbed constituents with respective energies EΨ = ESn + Etφ + Esψ. The
experimentally relevant tunneling current I between tip and substrate at inverse temperature β can then be obtained
most directly by applying Fermi’s golden rule,
I =
2e
~
∑
p,k,σ,σ′
∑
Ψ,Ψ˜
e−βEψ
{∣∣〈Ψ˜| Tˆσσ′r aˆ†p,σ bˆk,σ′ |Ψ〉∣∣2 δ(EΨ˜ − EΨ − eV )− ∣∣〈Ψ˜| (Tˆσσ′r )†bˆ†k,σ′ aˆp,σ |Ψ〉∣∣2 δ(EΨ˜ − EΨ + eV )}.
(8)
Eq. (8) consists of two terms which we are going to treat seperately. The evaluation of the first matrix element can
be decomposed into electron and spin sector via
e−βEΨ
∣∣〈Ψ˜| Tˆσσ′r aˆ†p,σ bˆk,σ′ |Ψ〉∣∣2 = e−βESn ∣∣〈m|Tˆσσ′r |n〉∣∣2 e−β(Etφ+Esψ)∣∣〈φ˜, ψ˜|aˆ†p,σ bˆk,σ′ |φ, ψ〉∣∣2. (9)
Furthermore, due to the non-interacting nature of the metallic tip and substrate, the on-shell condition becomes
δ(EΨ˜ − EΨ − eV ) = δ(ESm − ESn + εp − εk − eV ). As this does not explicitly depend on φ˜, ψ˜, φ, ψ, we can carry out
the corresponding summations in Eq. (8), i.e.∑
φ,ψ
∑
φ˜,ψ˜
e−β(E
t
φ+E
s
ψ)
∣∣〈φ˜, ψ˜|aˆ†p,σ bˆk,σ′ |φ, ψ〉∣∣2 = ∑
φ,ψ
∑
φ˜,ψ˜
e−β(E
t
φ+E
s
ψ) 〈φ, ψ|bˆ†k,σ′ aˆp,σ|φ˜, ψ˜〉 〈φ˜, ψ˜|aˆ†p,σ bˆk,σ′ |φ, ψ〉 =
=
∑
φ,ψ
e−β(E
t
φ+E
s
ψ) 〈φ, ψ|bˆ†k,σ′ bˆk,σ′ aˆp,σaˆ†p,σ|φ, ψ〉 = 〈bˆ†k,σ′ bˆk,σ′〉β 〈aˆp,σaˆ
†
p,σ〉β = f(εk)(1− f(εp)),
(10)
where f(ε) is the Fermi distribution function at a given inverse temperature. We then proceed by converting the
momentum summations
∑
p,σ →
∑
σ
∫
dε nσ(ε),
∑
k,σ →
∑
σ
∫
dε Nσ(ε) into integrals over the densities of states
nσ(ε), Nσ(ε) of tip and substrate electrons. We further assume that only electrons near the Fermi level contribute to
tunneling, thus setting the densities of states nσ(ε)→ nσ(εF ), Nσ(ε)→ Nσ(εF ) constant. Inserting this and Eq. (10)
into Eq. (8) we obtain for the first term:∑
p,k,σ,σ′
∑
Ψ,Ψ˜
e−βEψ
∣∣〈Ψ˜| Tˆσσ′r aˆ†p,σ bˆk,σ′ |Ψ〉∣∣2 δ(EΨ˜ − EΨ − eV ) =
=
∑
σ,σ′
nσ(εF )Nσ′(εF )
∑
n,m
e−βE
S
n
∣∣〈m|Tˆσσ′r |n〉∣∣2 ∫ dε dε′f(ε′)(1− f(ε)) δ(ESm − ESn + ε− ε′ − eV ) =
=
∑
σ,σ′
nσ(εF )Nσ′(εF )
∑
n,m
e−βE
S
n
∣∣〈m|Tˆσσ′r |n〉∣∣2 eV − (ESm − ESn )1− e−β(eV−(ESm−ESn )) ,
(11)
where we carried out the integrals over dε, dε′ in the last step.
We now evaluate the remaining summations over the spin sector. Firstly, we find for the tunneling matrix element,
concentrating exclusively on the contributions ∼ t21 due to spin fluctuations,∣∣〈m|Tˆσσ′r |n〉∣∣2 = ∑
i,j
∑
α,β
t1(r − ri) t1(r − rj) σασ′σσβσσ′ 〈n|Sˆαi |m〉 〈m|Sˆβj |n〉 . (12)
9We can then use the Lehmann representation of the Fourier transformed dynamical structure factor
Sαβij (ω) =
∫
dteiωt 〈Sˆαi (t)Sˆβj (0)〉 =
∑
n,m
e−βE
S
n 〈n|Sˆαi |m〉 〈m|Sˆβj |m〉 δ(ω − (ESm − ESn )) (13)
to realize that for an arbitrary function F (ω), the following relation holds:∫
dω Sαβij (ω)F (ω) =
∑
n,m
e−βE
S
n 〈n|Sˆαi |m〉 〈m|Sˆβj |n〉 F (ESm − ESn ). (14)
Using this relation upon inserting the matrix element Eq. (12) back into Eq. (11), we obtain for the first term of
Eq. (8), ∑
p,k,σ,σ′
∑
Ψ,Ψ˜
e−βEψ
∣∣〈Ψ˜| Tˆσσ′r aˆ†p,σ bˆk,σ′ |Ψ〉∣∣2 δ(EΨ˜ − EΨ − eV ) =
=
∑
i,j
∑
α,β
t1(r − ri)t1(r − rj)
(∑
σ,σ′
nσ(εF )Nσ′(εF )σ
α
σ′σσ
β
σσ′
)∫
dω
eV − ω
1− e−β(eV−ω) S
αβ
ij (ω)
→
∑
i,j
∑
α
t1(r − ri)t1(r − rj) cαβ
∫
dω
eV − ω
1− e−β(eV−ω) S
αα
ij (ω),
(15)
where in the last step we identified the weight function cαβ from the main text.
Repeating the same steps for the second term of the Fermi golden rule expression, we eventually arrive at the final
expression for the current
I =
2e
~
∑
i,j,α
t1(r − ri)t1(r − rj) cα
∫
dω jV (ω)Sααij (ω), (16)
Eq. (16) contains the frequency weight function
jV (ω) =
eV − ω
1− e−β(eV−ω) +
eV + ω
1− eβ(eV+ω) , (17)
which reduces to jV (ω) = (eV − ω) θ(eV − ω) at zero temperature. Derivation of Eq. (16) with respect to V yields
Eq. (1) of the main text.
2. Kitaev Honeycomb Model
We provide further information and details on the computation of the dynamical structure factor in the extended
Kitaev model on open boundaries. Particular attention is devoted to the subtleties arising from ground state degen-
eracies in the OBC limit.
Physical Hilbert space
The decomposition of a spin-1/2 into four Majoranas introduced by Kitaev enlarges the Hilbert space. The projec-
tion back onto the physical Hilbert space is obtained by requiring that Dˆi = −iσˆxi σˆyi σˆzi = bˆxi bˆyi bˆzi cˆi = 1 for all sites.
This condition can be enforced in terms of the bond and matter fermions via the projection operator
Pˆ =
∏
i
1 + Dˆi
2
∼ 1
2
[
1 + (−1)Nf+Nχ] , (18)
where Nf/Nχ are the total number of matter/bond fermions. Eq. (18) demonstrates that only states with even total
fermion number parity lie within the physical spin Hilbert space. As was shown in Refs. [57, 58], particular care needs
to be taken within the gapless phase of the pure Kitaev model when projecting back to the physical Hilbert space.
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FIG. 4. Kitaev model. The three types of bonds are labelled according to the anisotropic exchange interaction of the
Hamiltonian Eq. (4) of the main text. The interactions along a line of z-bonds through the system are weakened by a factor
Jb < 1, yielding open boundary conditions for Jb = 0. Inserting bond fermions (red bonds) flips the flux Wp of the two adjacent
plaquettes. In the bulk, these flux excitations are gapped (blue plaquettes), while boundary plaquettes cost no energy and lead
to degeneracies in the spectrum (orange plaquettes).
Open boundaries
As outlined in the main text, open boundary conditions can be obtianed by introducing a line of ‘weak bonds’ as
shown in Fig. 4, where all terms in the Hamiltonian Eq. (4) involving such bonds are multiplied by a factor Jb < 1.
The case of open boundaries is then retrieved for Jb = 0, which effectively cuts the system in half. For the practical
evaluation of structure factors, we choose the value of the weak bonds very small, Jb  1, but finite. This allows us
to directly use the numerical method derived for periodic boundaries [52, 53]. In practice, we work on a cylindrical
geometry, and neglect a non-local ground state degeneracy due to invariant Wilson loops winding around the cylinder,
which does not affect our local probe results.
However, we emphasize that one has to be careful when taking the limit Jb → 0. We discuss in the following how
this limit impacts both the ground state structure as well as the dynamical spin correlations.
Ground state degeneracy: Gauge sector
As discussed above, the ground state of the translationally invariant system Jb = 1 is unique and lies in the sector
of zero flux. This property remains true for any non-zero Jb > 0, for which the minimal flux gap is of order ∼ (Jb ·J),
a property we have verified numerically on finite size systems. However, for Jb = 0 exactly, plaquette fluxes adjacent
to the weak bonds can be inserted at the newly formed system boundary without energy cost. Formally, if we let
〈ij〉b denote one of the weak bonds as shown in Fig. 4, this can be expressed via [χˆ〈ij〉b , Hˆ] = 0. We notice however
that in order to obtain a valid transformation within the physical Hilbert space that respects the parity selection
rule of Eq. (18), we need to create/annihilate an even number of boundary gauge fermions, starting from the original
flux-free ground state. The set of transformations that relate different ground states is thus given by
u〈ij〉b → −u〈ij〉b , u〈kl〉b → −u〈kl〉b , (19)
for an arbitrary pair of boundary bonds 〈ij〉b,〈kl〉b. From this we can infer the total ground state degeneracy Df due
to boundary fluxes for a system of linear length L along the open boundary to be
D =
(
L
0
)
+
(
L
2
)
+
(
L
4
)
+ ... = 2L−1. (20)
We have observed this degeneracy due to boundary fluxes using exact diagonalization methods for the original spin
Hamiltonian Eq. (4) on small system sizes. We notice further that this degeneracy applies to all eigenenergies through-
out the entire many body spectrum.
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We can now write down the form of a general state within this degenerate manifold. The gauge sector will then be
flux-free in the bulk and consist of a general superposition of fluxes on the boundary, leading to Eq. (6) of the main
text,
|0〉 = |M0〉 ⊗ |F0〉bulk ⊗ |F 〉b , (21)
with |F 〉b a linear superposition of different boundary flux configurations.
Ground state degeneracy: Matter sector
As demonstrated in Kitaev’s original work [29], the energy bands of the matter fermions carry non-trivial Chern
number for non-zero K, which implies the existence of chiral edge states within the bulk gap and a zero energy edge
mode on open boundary conditions. An example was given directly in the Appendix of [29]. We notice that on finite
systems, the mode with zero energy might not be directly visible, as the exact momentum hosting it might not be
part of the reciprocal lattice. However, in the thermodynamic limit we are guaranteed the existence of |M˜0〉 = aˆ†0 |M0〉
with E(M˜0) = E(M0).
Since |M˜0〉 contains a matter fermion, we are now required to add an odd number of gauge fermions to obtain a
physical state. In order to remain in a ground state, we add an odd number of boundary gauge fermions, for which
there are in turn again
D˜ =
(
L
1
)
+
(
L
3
)
+
(
L
5
)
+ ... = 2L−1 (22)
different possibilities. A general ground state within this matter sector is then given as
|0˜〉 = |M˜0〉 ⊗ |F0〉bulk ⊗ |F˜ 〉 , (23)
with |F˜ 〉 a superposition of D˜ boundary flux sectors.
Taken together both matter and gauge sources of degeneracy, we obtain the total ground state degeneracy to be
2L-fold.
Open boundaries: Structure factor
After this detailed discussion of the open boundary limit Jb = 0 in terms of ground state degeneracies, we wish to
know how these results merge with our numerical approach of setting Jb  1 but finite. In particular we would like to
discuss how the dynamical structure factor differs between the unique ground state for Jb > 0 and a general ground
state for Jb = 0 which is a superposition of 2
L different states from a degenerate manifold. Remarkably, while in
general differences between the two cases do occur, the dominant on-site contribution relevant for the STM response
will turn out to be independent of the chosen ground state, such that the limit Jb → 0 is indeed continuous for the
on-site spin correlations.
Let us take the system to be in one of the ground states |0〉 from Eq. (6) and consider two sites i, j ∈ A which
are both located on the boundary. We assume further, that the weak bonds that were removed in order to obtain
open boundaries are z-bonds. We then compute the corresponding structure factor, using Eq. (7) and the fact that
[χˆ〈il〉b , Hˆ] = 0 for boundary bonds,
Szzij = 〈M0|eitHˆ cˆie−itHˆ cˆj |M0〉×
×
b
〈
F
∣∣∣ (χˆ〈il〉b + χˆ†〈il〉b)(χˆ〈jk〉b + χˆ†〈jk〉b) ∣∣∣F〉b. (24)
Here, we have used that the bulk gauge sector remains unchanged,
bulk
〈F0|F0〉bulk = 1. Because the boundary gauge
sector |F 〉b is now a general superposition, the expression Eq. (24) does not reduce to an on-site contribution ∼ δij
like in the periodic case [51, 54].
An alternative way to see that there are indeed non-vanishing longer-range contributions beyond nearest neighbors
to the structure factor for Jb = 0 comes from ‘rewiring’ the bˆ
z
i - Majoranas on the boundary. As illustrated in Fig. 5,
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FIG. 5. Majorana pairings: The Majorana fermions bˆαi (colored according to α) are paired up to form the the gauge
fermions χˆij living on bonds (i, j), whose occupation numbers commute with the Hamiltonian. If we introduce open boundaries
by setting the exchange Jb = 0 on the line of vertical bonds shown here (dotted bonds), there arises an ambiguity in how
to pair up the resulting ‘dangling’ Majoranas (shown in blue). a) The original pairing along the former bond is still valid,
and produces the usual ultra-local expression for the spin structure factor. b) The Marojanas can now also be paired up
in longer-range bonds (i, j), and the resulting fermion occupation numbers still commute with the Hamiltonian, allowing for
longer-range contributions to the structure factor. The different pairings are related by a basis change within the degenerate
ground state manifold.
we can pair up the bˆzi in an arbitrary way to form new gauge fermions χˆ(ij)b , where (ij)b need not be lattice nearest
neighbors. These new bond fermions still commute with the Hamiltonian and provide equally valid labellings of
the model’s gauge sector. Within this pairing, the new ‘nearest neighbors’ can clearly provide non-vanishing spin
correlations in full analogy to the previous nearest neighbor contributions derived in Ref [51]. Thus, the rewiring of
boundary Majoranas is equivalent to a basis change in the Fock space spanned by the occupation numbers χˆ†〈ij〉b χˆ〈ij〉b .
While the spin correlations for off-diagonal site pairs i 6= j are thus clearly dependent on the chosen ground
state out of the degenerate manifold, we see that for on-site terms i = j the flux part in Eq. (24) simplifies due to
(χˆ〈il〉b + χˆ
†
〈il〉b)(χˆ〈ik〉b + χˆ
†
〈ik〉b) = 1. We can thus conclude that the on-site structure factor is independent of the
chosen state and
lim
Jb→0
[
Sααii (t)
∣∣
Jb
]
= Sααii (t)
∣∣
Jb=0
. (25)
The limit Jb → 0 is therefore indeed continuous for this contribution and couples directly to the on-site Majorana
correlation function, providing an in principle even simpler expression than the quench problem that needs to be
solved for bulk correlations. Furthermore, we do not expect Eq. (25) to change when including the degeneracy due to
the zero energy matter mode |M˜0〉: As the corresponding isolated mode is delocalized along the boundary, its effect on
the local structure factor is expected to decrease as ∼ 1/L in system size. Furthermore, effects of finite temperature
will smoothen out the response for ω → 0 in any case.
We have verified Eq. (25) independently on small finite size systems that can be treated with exact diagonalization
or matrix product state techniques. The relation is convenient, as it allows us to draw direct conclusions about
expected experimental signatures in open boundary conditions, while being able to formally work with the technical
benefits of a periodic system.
3. STM response: geometrical properties
We provide some more intuition on the dependence of the conductance on the geometry of the setup. In particular,
for the example of the TMI in the main text, we considered a larger value of λ ∼ 1 as the effective range of the
exchange interactions entering t1(r − ri) ∼ e−|r−ri|/λ. Since the TMI system is block-diagonal with respect to the
momentum kx, we can work directly in an infinitely extended system in the x-direction using the Fourier transform
Sαn (t) =
1√
Lx
∑
kx
eikxxnSαln(kx, t), where xn is the x-position of the kagome-site n, and ln ∈ {0, ..., 6W} determines
the y-position within the unit cell as depicted in Fig. 6. We can then express the dynamical structure factor Sααnm in
terms of its 1D Fourier transform according to Sααnm(ω) =
∑
kx
eikx(xn−xm)Sααlnlm(kx, ω). Inserting into the expression
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FIG. 6. Geometry of the TMI setup. (compare Fig. 2 (a)) We consider open boundaries in y-direction, implying translational
invariance only along the a2 lattice vector. The number of sites within a unit cell is 6W + 1; the position of a site n is specified
by (xn, ln), with xn labelling the unit cell and ln ∈ {0, ..., 6W} labelling the site within a unit cell as depicted here.
Eq. (1) for the conductance and using that
∑
n →
∑
xn,ln
gives the simplified result
∂I
∂V
=
2e2
~
n(εF )N(εF )×
∑
ln,lm,kx,α
gln lm(kx, r) cα
∫ eV
0
dω Sααlnlm(kx, ω), (26)
with
glnlm(kx, r) =
(∑
xn
eikxxnt1(r − rn)
)
×
(∑
xn
e−ikxxmt1(r − rm)
)
. (27)
It is instructive to approximate Eq. (27) by turning the sum into an integral and insert the form of t1(r − rn) to
obtain ∑
xn
eikxxnt1(r − rn) ≈
∫
dxn e
ikxxnt1(r − rn) = Γ1 e−d/d0
∫
dxn e
ikxxne−|r−rn|/λ =
= 2Γ1 e
−d/d0eikxx
|y − yn|√
1 + λ2k2x
×K1
( |y − yn|
λ
√
1 + λ2k2x
)
,
(28)
where K1(·) is a modified Bessel function of the second kind and all lengths are measured in units of the lattice
spacing. We notice further, that yn = yn(ln) is uniquely specified by the index ln ∈ {0, ..., 6W}. With Eq. (28) at
hand, the function glnlm(kx, r) is determined and can be inserted back into Eq. (26). K1(x) drops off exponentially for
large arguments and diverges as K1(x) ∼ 1/x for x→ 0, as would be relevant for e.g. the case y = yn. We therefore
see that the response acquired through the device function glnlm(kx, r) will only pick up sizeable contributions from
momenta kx . 1/λ. Importantly, the edge state in between the first and second energy band as displayed in Fig. 2 (b)
is located directly at kx = 0 and should therefore be able to contribute to the response as measured by the local
conductance. This feature appears to arise for boundaries shaped differently than Fig. 6 as well, see e.g. Ref [49] for
a kx = 0 edge state well separated in energy from the bulk.
